Journal of Engineering Mathematics 30: 239-252, 1996.
© 1996 Kluwer Academic Publishers. Printed in the Netherlands.

The use of stokeslets to describe the arbitrary translation of a disk
near a plane wall

A.M.J. DAVIS
Mathematics Department, University of Alabama, Tuscaloosa, AL 35487-0350, U.S.A.

Received 16 May 1995

Abstract. A previously presented method is extended to describe the fully three-dimensional Stokes flow generated
by the translation in any direction of an arbitrarily oriented disk in fluid bounded by a plane wall, The velocity
field is represented solely in terms of stokeslet distributions on the disk, modified to take account of the bounding
wall according to the century-old idea of Lorentz. Sets of integral equations of the second kind, not all disjoint, are
obtained for the Abel transforms in each Fourier mode of the density functions. However, only a few modes need
be considered in determining the flow field to order D3, where D is the distance of the disk axis from the wall.
Less detail is required to evaluate the drag force and torque experienced by the disk.

1. Introduction

The slow rate of decay of creeping flow disturbances makes it necessary to take proper account
of rigid boundaries in order to give an accurate description of the motion. This enhances the
difficulty of the calculation, particularly when a loss of symmetry thus occurs, and if a
fully three-dimensional flow is to be considered there is little chance of finding any type
of analytical solution. Many authors [1-8] have presented solutions for flows that combine
transverse motion with axisymmetric geometry, since in these cases only the first Fourier
mode is excited, so the extra difficulty is limited to a sixth-order instead of a fourth-order
problem. Recently, the present author [9] considered a disk sedimenting towards a plane wall,
a flow problem which retains some symmetry but is fully three-dimensional in requiring all
Fourier modes to be included. Attempts to establish a solvable, infinite set of dual integral
equations, as for the disk in isolation [7] or the shear flow past a hole in a plane [10,11], were
unsuccessful, so the more basic method of using tangentially directed stokeslets, modified to
take account of the wall, was adopted. The introduction of Abel transforms in each mode then
enabled the complete solution to be formally obtained and, finally, a suitable truncation of the
system, leading to simple polynomials for the Abel transforms of the modal density functions,
was obtained by expanding the reflected velocities in inverse powers of the distance D of the
disk’s center from the wall. In this way, the dimensionless drag coefficient was evaluated to
order D7,

In reality, a solution by means of sets of dual integral equations is often precluded by the
presence of fixed boundaries. The method has been successfully used [8] for the disk moving
edgewise parallel to a wall or free surface, the influence of a finite boundary on the shear flow
disturbance due to a circular hole in the fixed bounding plane, and the edgewise oscillations
of a disk in unbounded fluid; all of these flow problems can be solved by essentially the same
procedure. More often, though, the successful solution can be identified as equivalent to the
use of stokeslet singularities, modified to take account of the bounding walls in the manner
suggested by Lorentz [12]. Obvious examples in which this fact is not stated are [13], which
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has a disk inside a cylinder, and [14], which starts with a disk near a plane wall or free surface,
both problems being totally axisymmetric. In the latter, the stream function

- 7 patko)e AWK +12l) + B(k)2] dk

can be identified as that due to distributions over the disk (0 < p < 1,2z = 0 in cylindrical
polar coordinates) of normally and radially directed stokeslets, because it is readily shown
that a ring of force singularities of strength —Z at p = p’ generates the stream function
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while a ring of force singularities of strength —p at p = o’ generates the stream function
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= /0 pdi (kp)e~M12, (k') dk.

In this paper, a fully three-dimensional flow problem is solved by exploiting the advantage
that the disturbance generated by the arbitrary translation of a disk can be completely rep-
resented by a distribution of variously oriented stokeslets over the disk. The calculation is a
more elaborate version of that given in [9]. Stokeslets in all three directions are now required
and each density function has both even and odd Fourier components. The alignment of these
singularities is normal and tangential to the disk, since there is a definite distinction between
the treatment of the broadside and edgewise components of the disk’s motion. This requires
appropriate resolution of the reflected velocities, which are expanded in powers of D~! in
order once again to achieve a neat truncation of the system of integral equations of the second
kind. The O(D~!) solution involves only constant components of the reflected velocities and
yields results that, when the disk is aligned parallel or perpendicular to the wall, reduce to
those given by Brenner [15]. The Abel transforms of the nth mode density functions have a
leading term of type s™/D™*! due to the presence of the wall. Thus, for an O(D~3) solution,
modes beyond the second can be discarded and it turns out that the drag force can be evaluated
without determination of the second mode functions, while the first mode functions yield the
torque, of order D2, experienced by the disk.

2. Formulation of the disk problem

A thin rigid disk of unit radius translates steadily in an incompressible viscous fluid that is
at rest at infinity and bounded by a wall at distance D from the centre of the disk. Cartesian
coordinates (z,y, z) are chosen so that instantaneously the centre of the disk is at the origin,
the wall is at x = D and the disk lies in the plane x cos # = ysin j, i.e. the disk has been
rotated about the z-axis through an angle 3, regarded as positive acute, from the axisymmetric
orientation. The Reynolds number of the viscous incompressible flow is assumed to be
sufficiently small for the velocity field v to satisfy the creeping flow (Stokes) equations

uViv = Vp, V-v=0, (1)

where u is the coefficient of viscosity and p the dynamic pressure. The boundary conditions
to be applied are

v=Upk + Voy + Woz at the disk, )
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where X, § and Z denote unit vectors, and the no-slip condition at the plane wall
v=0 at z=D. 3

The special cases are:

(i) B8 = 0 (axisymmetric geometry) in which Uy = 0 yields edgewise motion parallel to the
wall while Vj = 0 = W, gives broadside motion towards the wall, and

(i) B = m/2 in which Vp = 0 = Wy and Uy = 0 = V}, respectively, yield edgewise motion
towards and parallel to the wall, while Uy = 0 = W, gives broadside motion parallel to
the wall.

To isolate the broadside component of the disk’s motion, introduce new coordinates (£, 7) by

setting

§=zcosf —ysinf, n = xsin S + ycos §. (4

The fluid motion generated by the translating disk can be completely represented by a distri-
bution of stokeslets over the disk with density

L el 98 + (811 + (a3,

at position {¢ = 0,(n,2) = a(cos¢,sing)(0 < a@ < 1,—7 < ¢ < 7) on the disk. These
functions have Fourier expansions of the form

oo
e(a, ¢) = ep(a) +2 Z[enc(a) COS NP + ens() sin ng), %)
1
which, with €, denoting Neumann'’s symbol and ey, = €g, can be abbreviated as

e(a, @) = i €nlenc(a)cosng + eqns(a) sinng).

0

Fourier coefficients of f(a, ¢) and g(a, ¢) are defined similarly. Evidently, {enc, fnc, gns}
are generated by Up and Vg and {ens, fns, gnc} by Wo.
As in [9], it is convenient to introduce Abel transforms, defined typically by

E..(s) = 2 /sl (i)n (a%i%da (n>0),

T a
i.e.
1 d 1 Ep(s)st™™
—_ _ A 1 nc
enc(a) = —a o /0 ——————-(32 Y ds (n>0). (6)

The drag force Fp and torque Tp exerted by the fluid on the disk are then given by

1 u
Fp = —164 /0 leo(@)E + fo(@)i + go(@)i]ada

1 - .
—16 /0 [Eo()E + Fo(s)@ + Go(s)3] ds 7
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and
8 T 1 “
Tp = —7"/_/0 {(cos g 71 +sing 2) x [e( $)E + F (0, )1 + 9(ct, 2]} 0 drdg

! .
= 32#/(; {[Fls(s) - Glc(s)]E — Ey4(s)n + Elc(s)i} sds, (8
after substitution of (5) and (6).
For the velocity field, the stokeslet distribution is written as
1 PR . e A
P—[(ecosﬁ + fsin B)X + (f cos 8 — esin B)§ + g3,
in order to distinguish components normal and parallel to the wall. Thus

— asin fcos ¢

v(z,y,2) = /_ﬂ/ {[e a, ¢) cos S+ f(a smﬂ][ 3 r—V}

+[—e(a, @) sin B + f(e, $) cos [] [; + ac:iﬂcosqﬁr — U]

z— asing

+9(a, ¢) sz - U*} } adads

= L[ [ et + e, 090+ o(e, 9312
+le(@, 8)€ + £(0, $)(n — arcos §) +g(a, §)(z — asing)]5
~[e(, #) cos B+ f(a, @) sin AV — [~e(a, §) sin B+ f(a, @) cos BJU
~g(a,$)U" fadads, ©®
where
r=_£&+ (1~ acos@)i + (2 ~ asing)z (10)

and the reflected velocity fields V,U and U* are given, from [16] and as in [9], in terms of
image singularities at

= (2D —z — asinfcos p)X + (y — asin Bcos )§ + (2 — asin @)z, (11)
by
V, = 2 4 =(D-2)(D - as
. = I—%+E( —z)(D — asincos ¢)
— 1 2 — i
(y asmﬁcosq}%-&—(z asin ¢)? [ ;2(D z)(D—- asmﬂcosaﬁ)]
Uy, U3) = (1,1) 11% R3(D—x)(D asmﬁcosqﬁ)]

1_._2(D—a:)(D-—a sin 3 cos ¢)]

R3

(U, Uy) = (1,1)(y—asinﬁco;;;5)(z—asin¢) [1——(D —z)(D- asmﬁcosq&)]

[(y asin Bcos ¢)?, (z—asin ¢)?] [
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Uz, Ug) = s asmﬁci;qb,z —asing) [a: — asin Bcos ¢

6

+§2—(D —z)(D — asin fcos ¢$)(2D — z — asin fcos ¢)],
(Vy, Va) = (v - asinﬁcc;;qb,z —asing) [:c — asin Bcos ¢
-%(D—x)(D—asinﬁcos¢)(2D—z—asinﬁcosqb)}. (12)

Now, since £ = 0,(n,z) = p(cosh,sinf)(0 < p < 1I,-7 < 0 < =), ie (z,y) =
pcos 8(sin 3, cos 3) from (4), on the disk, the disk condition (2) yields the vector integral
equation

;li /_: /01 {[e(a,(b)é + fla, )7 + g(a, ¢)i]%

+ [f(o, @) (pcosf — acos @) + g, ¢)(psinf — asinqb)];l;—} adadg
= (Upcos 8 — Vysin B)€ + (Up sin B + Vi cos B)7) + Woi
T i
+ ;15 /—w/o {[eer, ) cos B+ f(a, ¢)sin BIV
+ [~e(a, @) sin B + f(e, ¢) cos B]U + g(e, ¢)U* }adade, (13)

where

r = (pcosf — acos ¢)7) + (psinf — asin @)z,
= p? +a? —2pacos(d — ¢).

3. Solution to O(D 1)

The principal effect of the wall on the disk, at large enough separation, D, can be determined
by first noting from (12) that

3 1 3 1
Va:=— 5 | y ::—— YRR
2D+0<D2) U, U 4D+0<D2)

: 1 e
Un ULV Ve=0(5),  UsU5=0(33), (14)

which shows that the leading terms on the right-hand side of (13) due to the reflected velocities
are

ol
%/—w/o {[e(a,¢)cosﬁ+f(a,¢)sinﬁ]%i

(e, ¢)sin B+ (e, #)cos If + gla, ¢>§52} adads

= 5}33 /Ol{Eo(s)(Zcos2 B + sin? B)& + Fy(s)sin Bcos B €

+ Eo(s) sin Bcos B7) + Fo(s)(2sin? B + cos? B)7) + Go(s)i}s ds,
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after using (4), (5) and (6) to obtain this constant vector. Thus, from (13), the total broadside

velocity of the disk relative to the fluid is effectively

Upcos B — Vosmﬂ-i-——/{Eo (3 + cos28) + Fy(s)sin2f} ds,

while the total edgewise velocity is effectively

(Uosin B + Vi cos B)7) + Woz

1 1
o [ (Bo(9)sin28 + Fufs)(3 - cos20)}ds + 3252 [ Gols)ds

Comparison with known results for a disk moving broadside or edgewise [17] in unbounded
fluid readily shows now that the density functions on the left-hand side of (13) are, after use

of (6), such that
~ 3 . -
Eo(s) = Ep=Upcos B — Vpsin B + M{EO(S + cos28) + Fysin2f}
and

-[Fo(s)ﬂ + Go(s)2] = —[Foﬂ + Goz] = (Upsin B + Vp cos B)f) + Wok

43 #{Eosin28 + Fp(3 — cos28)} + — 3G Z

. A-! [Uocosﬂ(l—;%) —~Vosinf3 (1—;25)],
1

o= A" [Uosmﬂ<§ —D—>+Vocosﬂ(§—%)],

&
I

T
~ 2 1\
= SWol1-—
Go 3 0(1 7rD) )
where
3
A=1———(15+cos2ﬁ)+m.

7D z

(15)

(16)

(17

Further details of the above calculation will become apparent in the subsequent text. The drag,
Fp is determined, to this order, by substitution of (17) in (7), while the torque, Tp, given by

(8), vanishes at this order in D~!. The special cases are:
(1) B = 0 (axisymmetric geometry) in which

o Uok 2Vo¥ IWoa
Fp = "16“{1 =3/@D) T 1= 1/(xD) T 1= /(D) |’

(18)

due to broadside motion towards the wall and edgewise motion in two directions parallel

to the wall, and
— (ii) 8 = 7 /2 in which
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277 A . 2 “
—UQX Voy —Woz
— 3 3 1
Fp = —16u {1 Z2/D) T 1=3/@2xD) 1= 1/(xD) [’ (19

due respectively to edgewise motion towards the wall and broadside and edgewise motion
parallel to the wall. These results are in agreement with [15].

4. Solution to O(D™3)

At this accuracy, the reflected velocities do not appear to be constant over the disk and so
the wall effects can no longer be regarded as equivalent to those of an unbounded anisotropic
medium. Then, as in [9], the full structure of the solution of the vector integral Eq. (13) must
be considered. It was shown in [9] that the identity [18]

[0* + a® - 2pacos(d — ¢) + 2712

=Y emcosm(d — ¢) /0 ” e 121 1, (kp) I m (ka) dE, (20)
m=0

-used below with z = 0, implies that

p25%20 + o2%%2¢ — 2pa®* (0 + )

sin sin sin

[02 + a2 — 2pacos(f — @) ]3/2
— Z €m / { m+2 kp sin [(m +2)0 — m¢| + Jm—z(kp):)j [(m —2)8 - mqb]}

X Jm(ka)dk. Q1)

Before applying these identities to the left-hand side of (13), it is convenient [9] now to note,
from (6), that

1 1
/ enc(0)Jn(ka)a da = / Enc(s)hn1(ks)ds (n 30), 22)
0 0
where
ko[ p"t T, (kp) wks]/?
hn(ks) = s"/o mdp: [—2—] Jnt12(ks) (n>-1), (23)
whence, in particular,
h_1 =cosks, hg=sinks, h;= SH;:S — cos ks. 24

Meanwhile, the reflected velocities on the right-hand side of (13) are, from (12), such
that

3 3sing
Ve = —
= =301 aD2
7sin? B

16D3
3[5005(9 ¢) — sin® B cos § cos ¢] + O (D“)

——(acos¢ + pcosf) — P+ a?)

8D3(
2, .2, 2 2
(p* + a® + p* cos 26 + o cos 2¢)
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o 3 3sing
0,02 = ) {5+ 22
9sin? B

64D3

po _ 5
+ 16D3[5cos(t9 @) + 3sin ﬁcos&cos¢]}

(acos ¢ + pcosf) — (p* + a?)

5
32D3

+ (p* + o + p? c0s 20 + o cos 2¢)

1
BEYYE [(COSZ B, 1)(p* + o?) + (cos? B, —1)(p* cos 20 + a* cos 2¢)

—4pa(cos? Bcos b cos @, sm0s1n¢)]+0< ! )

D°
3cos B [
8D?

sin203
1
H1,1) 32D3

" 3
(VZ’U:);) - (1a )8D2 [
sin 8

-8 pexsin(6 - ¢)] +q, 1)15;’})/33 [a?si

+p?sin26 — 2pasin(6 + ¢)] + O (513.) ,

Vi, Uz) = (1,-1) a.cos ¢— pcos G_S_lﬂ_ﬂ(pz_a2+p2 cos 20 —a? cos2¢)]

2D

(o 2 +a?+p*cos20+a’ cos2¢— 4pacos § cos )| +0 (54)

asing — psm9+7D£(a sin 2¢ — p? sin 26)

cos Jo}
32D3

Inspection of the various expressions in (25) shows that all terms that depend on ¢ are no larger
than O(D~2), which property is shared by the density functions, according to the previous
section. Consequently, since the right-hand side of (13) is a mean value over ¢ and is to be
evaluated to O(D~3) only, terms with ¢-dependence can be discarded from (25) in evaluating
the torque and drag on the disk to O(D~3).

Thus, with the aid of (5), (20), (22) and (25), the E component of (13) yields

U.,U) = (1,1 [0 sin 2¢+ p? sin 20 — 2parsin(6 + ¢)]+O (Dl“) (25)

1 © oo
—27;/ Zen[E’nc(S)cosn0+Em(s) sinnB]/ Jn(kp)hn-1(ks)dkds
09 0

=Upcos B — Vysin B + % /Ol[Eo(s) cos 3 + Fo(s) sin f]

x{cosﬁ 2—3,5+3:g2ﬁpc0s9+ki—1%%3;19(p2+232) 7136D3ﬁp 0s 20
+ mﬁ[ 8D2ﬂp sf+ 16D3(p + p*cos26 — 4s )]}ds

+— /[ Ey(s)sin 8 + Fy(s) cos 3 {cosﬂ[ Dzﬁp s6

+8112Df(2p +2p%cos 20 — 2s )]

—sin 3 [—3- + 388;1ﬁp cosf + 9sin” —64112); 2c08" ﬁ(pz +25%)
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9sin? 8 —2cos? B , / [30 sf
+ iD3 p°c 0526}}ds+ Go(s)ds sD? psind

9sin ﬁ 2
+ 64D3 n26] (26)

Similarly, with the additional use of (21), the 7) and Z components of (13) yield

3/ Zen[Fnc cosnf + Frs(s) 51nn9]/ Ta(kp) k1 (ks) dk ds
e /0 ;en{[Fm(s) ~ Gs(8)]cos(n +2)8
+ [Fas(s) + Gne(s)] sin(n + 2)60} /Ooo Jn42(kp)hn—y(ks)dkds
Zi 1 isn{[Fnc ) + Gy ()] cos(n — 2)8
+ [Fne() = Gnel)] sin(n = 200} [~ Jo-a(bo)hams (bs) dkds

= Upsin B+ Vycos 8 + %/()I[Eo(s)cosﬁ + Fo(s) sin 8]

{Smﬁ 20 " ape P° 16D7

3cos 3 sin20
cos/)’[ 32 pcos&+ﬁ3—

. . 2 _
3sinf OS9_}_7sm 8-10 s ’

7 sin?
(0* +25%) + Tsin’§ 2cos29]

(p* + p*cos 26 — 432)J } ds

3cos 3

1
+ %/0 [—Eo(s) sin 8 + Fy(s) cos f] {sinﬂ [——SCD—z-pcose

sin20

1603

(2p* + 2p%cos 28 — 232)}

3sin 9sin? 3 — 10 — 2cos? 3
gDz P80t 64D?
9sin? 3 — 2cos? 2

+ A3 cos 26

i 2na_
+3/ Go(s)ds [ SN ing 4 338 — cos’ 6 s 29] @7
T JO

(p? + 247)

+cos,8[—+

gp2 ¥ 32D3

3
;/ zjen[Gnc 8)cosnl + Grs(s) smn9/ Jn(kp)hn—1(ks)dkds

/Zen{[Fns )+ Gre(s)] cos(n +2)6

— [Fre(s) = Gro(s)] sin(n + 2)6) /0 % Tnsa(kp) ko (ks) dk ds
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1 oo
+ 52 [ 2 eallFau(s) = Guls) cos(n ~ 2)0
0
— [Fae(s) + Guo(s)] sin(n - 2)6) / % Tna(kp)ha_1(ks) dk ds

ing , .
= o——/ [Eo(s)cos B + Fy(s)sin 3] ds [8D2psm0+ FYorld s1n29]

——/[ Ey(s)sin S + Fo(s) cosﬁ]ds32Dﬁ3 2sin20 + = / Go(s
3  3sing 9sin? 3 -12, , 2, 9sin?fB+2 E
X [4D+ D7 pcosf + a0 (p° + 2s%) + A0 cos 26

(28)

Since the right-hand sides of Eqs. (26-28) contain only the zeroth, first and second Fourier
modes in #, consider now the fifteen equations obtained from these components of each
equation. The resulting Abel integral equations are readily solved by noting that the identity,
obtained from (23),

d rtp"tin(kp) . o
a/0 E= i =1 hn_1(kt) (n 3> 0) (29)

enables the remaining Bessel functions to be replaced by h_i, ho or h; by applying the
operator

1d ¢ pn+l
—— [ e———d <tgl

to the fifteen equations with n = 0, 1 or 2. The solution of each integral equation is completed
by using

2 / " bt (kt)hni(ks)dk = 6(s — t) (n 3 0),
™Jo

2 [® tn
2 fo s (8 (ks) dk = 2+ 1) =

)—6(s—t) (n>0), (30)

obtained, as in [9], by substitution of (23) and suitable manipulation of the identity

v—1

” H(s - t),

/O % T, (ks)Jyy (kt)dk = ©

(18, Section 6.512], with §(z) and H (z) denoting the Dirac delta and Heaviside unit functions,
respectively. Thus (26-28) yield

Eo(t) = Upcos B — Vpsin 3 + %/:[Eo(s) cos 8 + Fp(s) sin 3]

X {cosﬁ[ 3 + M(t2+sz)] +smﬁ 2ﬁ( 232)} ds

2D 8D3 8D3
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sin2(3

2 /! , ,
+_7F/0 [—Eo(s)sm,3+Fo(s)cosﬂ]{cosﬂ D3 (2t° — s
3 9sinf—-10—2cos’B, 5
~sin 8 [4D + 325 (t2 + s?)| + ds,
3
EFO / [Fac(s) + Gas(s ]/ h_i(kt)hy(ks)dkds

=Upsinf + Vpcos B + —/ (Eo(s)cos 3 + Fy(s)sin j]
mTJO

X {smﬂ — T(t +5°)| —cos 8 5D (t* -2
_ By Fols sin28,_ .,
[ o(s) sin B + Fy(s) cos B]4 sin B D3 (2t° - s%)
3  9sin?B-10-2cos’B,, ,
+cos,8[4D D3 (t* + s%)| 3 ds,

l/l[pzs(s).Gzc(s)]/ooo hy (k)b (ks) dk ds

3 9sin? § — 12
= W el bl V2 2
o+ = /Go [4D+ 333 (t* + s°)| ds,
9sin2
2E.(t) = /[Eo )cos B+ Fy(s) sin 8] ds 8llr;2ﬁt
+;/0 [~ Eo(s) sin 8 + Fo(s) cos ﬂ]ds%%?—ﬁt,
2l 3cosf
E = — i
2B1,(t) = > /0 Gols) ds =5,
3F(t ——[Flc + Gy (t /[Eo )cos B+ Fy(s) sin 8] ds

4;)2(2sm B —cos? Bt + = /[ Ep(s)sin B + Fy(s) cos Blds

2 1
3G1c(t) — "[Fls - Gi(t)] = ;/0 Go(s)ds 3:;;’615,

2 1 3si
3F1() + 1Fu(®) - Gual0)] = 2 [ Go(s)as 20,

?)

32)} ds

3sin2f
4Dz

1 2 [l ) 3
3G(t) — EIFIC(t) + G,(t)] = ;/0 [Eo(s)cos B + Fy(s) sin §] dSZD—2t

’

249

(31)

(32)

(33)

(34

(35

(36)

(37

(38)

(39)
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1
2By (t) = %/0 [Eo(s) cos 8 + Fo(s) sin ) dst3

3t2sin 3
8D3

sin 3sin2/

1
+% / [~Eo(s) sin B + Fy(s) cos 8] ds (2cos? B — sin? B),

2B, (1) / Gols Z5in Zﬁ

3Fy(t) + % / ' Rots) / ™ hu(kt)h_y (ks) dk ds
mﬁ

(7sin? 8 — 2cos? B)

os 3
24D3

/ [Eo(s)cos 8+ Fy(s) sin ] ds

+ ;zr'/ [—Eo(s)sin 8 + Fy(s) cos ] ds (25sin? B — 2 cos? B),

(8 sin® B —cos? B),

3Bt / Go(s) / hi(kt)hy (ks) dk ds == / Go(s)ds

12D3
2
2
3Ga(t) ——/ Gols / by (kt)hoy (ks) dk ds == / Go(s d324D3(9sm 8+2),
3G (t) + / Fo(s) / by (kt)h_s (ks) dk ds
sin
=_—/ [Eo(s)cos 8+ Fo(s) smﬁ]ds D3ﬁ
t2cos 3
__/[ Ey(s)sin 8 + Fo(s) cos Bl ds——+ T
Two important simplifications are now available because (30) implies that
1 oo
/ t" / hnet (k) 1 (k) dk dE =0 (0 < 5 < 1). (40)
0 0

One has already been used in discarding all higher modes of the density functions. This is
justified because, in this approximation, the first and second mode functions are proportional
to s and s2, respectively and hence, with s and ¢ interchanged and n = 1 or 2 in (40), their
contributions to the integral equations for the third and fourth modes are zero. Secondly,
for the purposes of the drag formula (7), the second mode functions, by virtue of (40), are
irrelevant in (32) and (33). Further, all that is needed from (36-39) for the evaluation of the
torque formula (8) is that (37) and (38) imply that

1s — Glc =0. (41)

Consequently, by substitution in (31-35) of the O(D~!) solution given by (15-17), it
follows that the drag and torque components in (7) and (8) are now given to O(D~3) by

/01 Eo(t)dt = Eo— %[UO(S + cos28) — Vo sin28)(7 + 3 cos 23)
+2;;“f)3[ Upsin2B + Vo(5 — cos28)](17 + 15 cos 28), (42)
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1 .

/ Fo(t)dt = Fy - st3 [Uo(5 + cos 28) — Vo sin25](2 + cos 2)

0

—%[—Uo sin28 + Vp(5 — cos23)](3 + 5cos 23), (43)

1 ~ Wo

/0 Go(t)dt = Go — 5 =3(5 + 3cos20), (44)
! 1~ - .

/0 Ei(t)tdt = W[EO sin 8(1 + cos? 8) + Fycos (1 + sin® B)], (45)
1 cos 8 ~

/0 Bis(t)dt = S Go, (46)

with (41) 1mply1ng that the torque about the disk’s axis of symmetry is zero. The quantltles
E, Fy and G in (42-46) are given by (17), which is now to be evaluated to O(D™ 3.

The special cases are:

(i) 8 = 0 (axisymmetric geometry) in which

. s Uok 2vo¥ SWot Uk + 3Voy + Wt
D= TOENT 37Dy T 1-1/(xD) ' 1-1/(xD) 37D3 ’
47)
16 Vo — Wod
Tp = § o YoZ 0y (48)

37rD21 - 2/(xD)’

due to broadside motion towards the wall and edgewise motion in two directions parallel to
the wall, and
(ii) 8 = 7 /2 in which

Fp = —16u] 0% Voy SWor  3Upk + {Voy + §Woi
v are 2/(xD) 1-3/(27xD) 1-1/(xD) Ar D3 ,
(49)
Vi
Tp=- 8 0Z )

xD?1 —3/(2xD)’

due respectively to edgewise motion towards the wall and broadside and edgewise motion
parallel to the wall. The X components of the results (47) and (49) are, respectively, in
agreement with the asymptotic result given in [14] and the O(D~3) formula derived in [9]
for broadside and edgewise motion towards a wall. The edgewise motions in the two cases
involve different alignments of the disk relative to the wall, but the corresponding forces differ
only at order D3, The torque expression (48) shows that in edgewise motion parallel to a
wall with axisymmetric geometry the front end of the disk tends to rotate away from the wall.
Meanwhile, (50) shows that in broadside motion parallel to a wall the torque tends to cause
a rotation that would reduce the speed of the half of the disk closer to the wall. No torque is
generated when the disk moves edgewise parallel to the wall with its axis similarly oriented,
because the disk then lies in a plane of symmetry of the motion.

In conclusion, the drag and torque formulas, given by substitution of (41-46) in (7) and
(8), for a unit disk translating arbitrarily at distance D from a plane wall, are uniformly valid
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to order D3, provided that the quasi-static approximation remains sensible. Evidently, the
method can be continued to greater accuracy and could be adapted to consider the interaction
of two disks translating in unbounded fluid.
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